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Abstract
The mechanisms of dislocation/precipitate interaction were studied by
means of discrete dislocation dynamics within a multiscale approach. Sim-
ulations were carried out using the discrete continuous method in combina-
tion with a fast Fourier transform solver to compute the mechanical fields
(Bertin et al., 2015). The original simulation strategy was modified to in-
clude straight dislocation segments by means of the field dislocation mechan-
ics method and was applied to simulate the interaction of an edge dislocation
with a θ′ precipitate in an Al-Cu alloy. It was found that the elastic mis-
match has a negligible influence on the dislocation/precipitate interaction in
the Al-Cu system. Moreover, the influence of the precipitate aspect ratio
and orientation was reasonably well captured by the simple Orowan model
in the absence of the stress-free transformation strain. Nevertheless, the in-
troduction of the stress-free transformation strain led to dramatic changes
in the dislocation/precipitate interaction and in the critical resolved shear
stress to overcome the precipitate, particularly in the case of precipitates
with small aspect ratio. The new multiscale approach to study the dislo-
cation/precipitate interactions opens the possibility to obtain quantitative
estimations of the strengthening provided by precipitates in metallic alloys
taking into account the microstructural details.
∗Corresponding author
Journal of the Mechanics and Physics of Solids June 7, 2018
ar
X
iv
:1
80
5.
07
59
7v
2 
 [c
on
d-
ma
t.m
trl
-sc
i] 
 6 
Ju
n 2
01
8
Keywords: Dislocation dynamics, precipitate strengthening, multiscale
modeling.
1. Introduction
Plastic deformation in metallic alloys is carried by dislocation slip and
strengthening is achieved with obstacles that hinder the motion of disloca-
tions. These obstacles can take the form of dislocations during deformation,
solute atoms in the lattice, grain boundaries, etc. but precipitation hard-
ening is well established as the most effective mechanism to increase the
yield strength in metallic alloys (Ardell, 1985). Obviously, the strengthening
provided by the dispersion of second phases depends on the chemical compo-
sition, size, shape, orientation, spatial distribution, etc. of the precipitates,
which have been optimized over the years through costly, experimental trial-
and-error approaches. Nevertheless, these strategies are being overcome by
recent advances in multiscale modelling approaches based on the coupling of
ab initio and atomistic simulations with computational thermodynamics and
phase-field models that allow an accurate prediction of the precipitate fea-
tures as a function of the alloy chemical composition and thermo-mechanical
treatment (Liu et al., 2013, 2017; Ji et al., 2014).
In addition to these tools, the design of metallic alloys in which precipitate
strengthening has been maximized requires the development of multiscale
modelling strategies that are able to account for the mechanisms of dislo-
cation/precipitate interaction. In the case of very small precipitates (< 10
nm), the analyses can be based on atomistic simulations, which can establish
whether the precipitates are sheared or by-passed by the dislocations, and de-
termine the associated energy barrier (Singh and Warner, 2010; Bonny et al.,
2011; Saroukhani et al., 2016). This becomes, however, impossible for larger
precipitates (> 100 nm), which are overcome by the formation of dislocation
loops, due to computational reasons. The analysis of this process was pio-
neered by Orowan using a constant line tension model, which computed the
critical resolved shear stress (CRSS) necessary to overcome a periodic square
array of spherical precipitates impenetrable for dislocations (Orowan, 1948).
Later, Bacon et al. (1973) included the effect of the interaction stresses be-
tween the dislocation segments, while other authors expanded the results of
Orowan to deal with random distributions of obstacles (Foreman and Makin,
1966; Kocks, 1966).
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While these approaches can provide qualitative trends, they cannot be
quantitative because the precipitate geometry and orientation as well as the
details of the dislocation/precipitate interaction are not taken into account
and numerical approaches have been used in recent years. Xiang et al. (2004);
Xiang and Srolovitz (2006) used a level-set representation of the dislocation
line to simulate the interaction of both edge and screw dislocations with
spherical precipitates. Matrix and precipitate were elastic and isotropic with
the same elastic constants and it was assumed that the precipitates could
or could not be sheared by dislocations, the latter by including a strong
repulsive force on the dislocation within the precipitate. Moreover, the effect
of a misfit dilatational strain between the matrix and the precipitate was
included. The simulations showed that the richness and complexity of the
dislocation/precipitate interactions and postulated new by-pass mechanisms.
However, it should be noted that these simulations did not take into account
the crystallography of slip, leading to limitations in the precise modelling of
the dislocation mobility (cross-slip, climb).
The influence of crystallographic slip was taken into account by Mon-
net (2006) and Monnet et al. (2011), who used discrete dislocation dynam-
ics (DDD) simulations to obtain the CRSS necessary to overcome spherical
precipitates, which were made impenetrable to the dislocation by adding a
friction stress within the precipitate. Further DDD simulations included the
effect of the image stresses induced by the elastic modulus mismatch be-
tween the matrix and the spherical precipitate on the CRSS (Takahashi and
Ghoniem, 2008; Takahashi and Terada, 2011; Shin et al., 2003) using the su-
perposition technique developed by Van der Giessen and Needleman (1995).
Takahashi and Ghoniem (2008) reported the influence of the shear modulus
mismatch on the CRSS when the spherical precipitates were sheared while
Shin et al. (2003) address the case of the formation dislocation loops. The
influence of the image stresses was higher in the former case but increased in
the latter as several dislocations loops were around the precipitate, increasing
the hardening rate. However, the superposition method requires to solve the
elastic boundary value problem (using either the finite element or the bound-
ary element method) in each time step of the DDD simulations to obtain the
image stresses. Further DDD simulations to study dislocation/precipitate
interactions (many of them focussed in the case of shearable γ′ precipitates
in Ni-based superalloys) have ignored the modulus mismatch (Yashiro et al.,
2006; Vattre´ et al., 2009; Yang et al., 2013; Hafez Haghighat et al., 2013;
Huang et al., 2012; Zlek et al., 2017; Monnet, 2015). Only more recently,
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Gao et al. (2015) carried out DDD simulations of dislocation/precipitate in-
teraction that took into account the effect of modulus misfit as well as of the
misfit stresses arising from the lattice mismatch between γ and and γ′ phases
in Ni-based superalloys. The Fast Fourier Transform (FFT) method – much
faster than the traditional methods – was used in this case to compute the
image stresses.
While these results have improved our understanding of precipitation
strengthening, they often ignore the actual details of the precipitate shape
and orientation, of the dislocation mobility as well as of the complex stress
field around the precipitates (misfit and stress-free transformation strains).
More recent analyses are trying to overcome these limitations by obtaining
this critical information from simulations at lower length scales. For instance,
Lehtinen et al. (2016) carried out DDD simulations of dislocation/precipitate
interaction in BCC Fe in which the parameters of the simulation (disloca-
tion mobility, shear modulus, dislocation core energy) were obtained from
atomistic simulations. The precipitates were spherical and the dislocation-
precipitate interaction was modelled by a Gaussian potential that was cali-
brated from atomistic simulations.
This investigation presents a comprehensive multiscale modelling strategy
based on DDD to study the mechanisms of dislocation/precipitate interac-
tion. The methodology is applied to Al-Cu alloys but it is general and can
be extended to any other metallic alloy. The details of the the θ′ (Al2Cu)
precipitates (size, shape and orientation) as well as the stress-free transforma-
tion strains around the precipitate were obtained in a previous investigation
by the coupling of ab initio and atomistic simulations with computational
thermodynamics and phase-field models (Liu et al., 2017) and were in good
agreement with the experimental data. In addition, the elastic constants
and the dislocation mobility laws were obtained from atomistic simulations
and this information was used to determine the actual mechanisms of dis-
location/precipitate interaction in this system by means of DDD simula-
tions in which all the relevant physical processes were accounted for. In
particular, the influence of the precipitate shape, orientation, modulus mis-
match and stress-free transformation strain on the dislocation/precipitate
interaction mechanisms was analyzed and their influence on the CRSS was
determined and compared with the predictions of the classical models for
dislocation/precipitate interaction.
The paper is organized as follows: the characteristics of the dislocations in
the Al matrix and of the θ′ precipitates (obtained using different simulations
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strategies) are presented in section 2, while the DDD simulation strategy is
detailed in section 3. The results of the DDD simulations are shown and
discussed in Section 4 while the conclusions are drawn in section 5.
2. Material system
θ′ precipitates are the key strengthening phase in Al-Cu alloys aged at
high temperature (Polmear (1995)). θ′ is a stoichiometric phase with chem-
ical composition Al2Cu and tetragonal structure (space group I4/mmm, aθ′
= 0.404 nm, cθ′ = 0.580 nm). The unit cells of α-Al (space group Fm3¯m,
aα = 0.404 nm) matrix and θ
′ are shown in Figs. 1 a) and b), respectively.
Previous studies of the transformation path of the θ′ precipitate from the
α-Al lattice have shown three successive steps, which are shown in Fig. 2
(Dahmen and Westmacott, 1983; Nie and Muddle, 1999; Nie, 2014). The
Al atoms in layers 2 and 3 of the α-Al lattice are first shifted in opposite
directions by a distance aα/6. This step is followed by a homogeneous shear
deformation of the cell by an angle arctan(1/3) and, finally, by the shuffling
of one Cu atom to the center of the cell and diffusion of the other Cu atom
into the Al matrix. According to this transformation path, the lattice corre-
spondence between the parent phase (α-Al) and the θ′ precipitates is given
by [013]α → [001]′θ and [010]α → [010]′θ and the transformation matrix, T,
that relates the lattice parameters in the α-Al, eα, and in the θ
′ precipitate,
eθ′ (Teα = eθ′) is expressed as (Gao et al., 2012; Liu et al., 2017)
T =
aθ′/aα 0 00 aθ′/aα −1/3
0 0 cθ′/1.5aα
 . (1)
The transformation matrix includes both strains and rigid body rotations
and the corresponding stress-free transformation strain (SFTS), 0, can be
computed as
0 =
1
2
(TTT− I) (2)
where I stands for the identity matrix.
The nucleation and growth of θ′ precipitates during high temperature
ageing has been recently modelled in 3D by means of a multiscale phase-
field approach, that takes into account the contribution of the chemical free
energy, the interface energy and the elastic energy due to the SFTS (Liu
5
Figure 1: Crystal structure of: (a) FCC α-Al. (b) BCT θ′ precipitates. (Nie, 2014). Red
and blue spheres stand for Al and Cu atoms, respectively. From Liu et al. (2017).
STEP 1 STEP 2 STEP 3
Figure 2: Transformation path from α-Al to θ′ precipitates during high temperature ageing
(Nie, 2014). Red and blue spheres stand for Al and Cu atoms, respectively. From Liu
et al. (2017).
et al., 2017). The chemical free energy was given by computational ther-
modynamics results, while the interface energy and the lattice parameters
of both phases (which determine the elastic energy associated to the SFTS)
were obtained from density functional theory simulations. The computed
lattice parameters were aα = 0.405 nm, aθ′ = 0.408 nm, cθ′ = 0.5701 nm,
very close to the experimental data reported above (Nie, 2014) and it was
assumed that aα ' aθ′ to compute the SFTS. The multiscale simulation pre-
dicted that the θ′ precipitates grew with an orientation relationship (001)α
‖ (001)θ′ , [100]α ‖ [100]θ′ . The precipitates were circular disks and the broad
face of the disk was coherent with the Al matrix and parallel to either the
(100), (010) or (001) planes of the FCC Al lattice, leading to three different
orientation variants, while the edges of the circular plates were semi-coherent.
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Four different deformation variants were possible for each orientation variant
of the precipitate due to the four-fold symmetry of the (100) planes in the
FCC lattice, leading to a total of 12 deformation variants, in agreement with
the experimental observations (Dahmen and Westmacott, 1983; Nie, 2014),
which were characterized for their corresponding SFTS matrix that can be
found in Liu et al. (2017). The simulations predicted a precipitate diameter
in the range 120-180 µm and a thickness of 4-8µm, with an average aspect
ratio of ≈ 26. These results were in close agreement with experimental data
in the literature for peak-aged Al- 4 wt. % Cu alloys (Liu et al., 2017; Zhu
et al., 2000; Biswas et al., 2011).
The elastic constants of the α-Al matrix and of the θ′ precipitates were de-
termined using Density Functional Theory (DFT) with the Quantum Espresso
plane-wave pseudopotential code (Giannozzi et al., 2009). The exchange-
correlation energy was evaluated with the help of the Perdew-Burke-Erzenhof
approach (Perdew et al., 1996) within the generalized gradient approxima-
tion. Ultrasoft pseudopotentials were used to reduce the basis set of plane
wavefunctions used to describe the real electronic functions (Vanderbilt,
1990). After careful convergence tests, a cutoff of 37 Ry was found to be
sufficient to reduce the error in the total energy below 1 meV/atom. A
k-point grid separation of 0.03 A˚−1 was employed for the integration over
the Brillouin zone according to the Monkhorst-Pack scheme (Monkhorst and
Pack, 1976).
The elastic constants were obtained by applying a given strain to the
unit cell in the ground state and calculating the corresponding stress after
the atom coordinates in the unit cell were relaxed. Taking into account the
crystal symmetries, the cubic α- Al unit cell was deformed in the direction
normal to the cube face and in shear to compute the three independent
elastic constants. The BCT cell of the θ′ precipitate was deformed along two
normal directions perpendicular to two faces of the tetragonal lattice and in
two shear directions to compute the six independent elastic constants. Six
strain levels (varying from -0.003 to 0.003) were used for each deformation
pattern to obtain a reliable linear fit of the stress-strain relationship. The
elastic constants of α-Al and of θ′ precipitates obtained by DFT are depicted
in Tables 1 and 2, respectively. The ones for α-Al were very close to the
experimental data in the literature (Vallin et al., 1964; Sinko and Smirnov,
2002). To the best of the authors’ knowledge, no experimental data are
available for θ′.
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C11 C12 C44
DFT 110.4 60.0 31.6
Experimental 114.3 61.9 31.6
Table 1: Elastic constants (in GPa) of α - Al at 0K obtained from DFT. The experimental
values extrapolated at 0K (Sinko and Smirnov, 2002) are included for comparison.
C11 = C22 C12 C13 = C23 C33 C44 = C55 C66
212.6 39.9 61.4 173.5 82.8 44.8
Table 2: Elastic constants (in GPa) of θ′ - Al2Cu precipitates at 0K obtained from DFT.
3. Discrete Dislocation Dynamics Strategy
The dislocation/precipitate interaction is analyzed by means of DDD sim-
ulations following the discrete continuous model developed by Lemarchand
et al. (2001). In this approximation, the dislocations are treated as plate-like
inclusions with an eigenstrain that corresponds to the plastic strain asso-
ciated with the area sheared by the dislocation. The dislocation loops are
discretized in segments which move depending on the stresses acting on the
segments and the mobility rules and the plastic strain is computed from the
dislocation glide. The DDD code was coupled in the original model with a
finite element code that computed the displacement field that is solution of
the boundary value problem taking into account the plastic strain provided
by the DDD simulations (Lemarchand et al. (2001)). This framework neither
requires the use of analytical expressions for the displacement fields of the
dislocation segments (and, thus, can be easily extrapolated to anisotropic
materials), nor the computational power increases with the square of the
number of dislocations segments. However, computational efforts are lim-
ited by the fine finite element discretizations necessary to achieve accurate
results, particularly in the case of precipitates with very large aspect ratio.
These limitations were overcome recently by Bertin et al. (2015), who used
the Fast Fourier Transform (FFT) method to compute the mechanical fields
and solve the boundary value problem for periodic cases. Moreover, the het-
erogeneous stress distribution that appear due the elastic modulus mismatch
between the matrix and the precipitate and the stresses induced by SFTS
can be easily incorporated to the simulations.
Dislocations are discretized into segments. The dislocation mobility fol-
lows a viscous linear law, where the velocity of node i, vi, of the dislocation
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line is given by
Fi = Bvi (3)
where B is viscous drag coefficient that depends on the dislocation character
and Fi the force acting on node i, which is given by
Fi =
∑
j
fij (4)
where fij is the force acting on the segment ij, which is computed according
to
fij =
∫ xj
xi
Ni(x)f
pk
ij (x)dx (5)
where Ni is the interpolation function associated to node i and f
pk
ij is the
Peach-Koeler force given by
fpkij (x) =
(
σ(x) · bij
)
× tˆij (6)
where bij is the Burgers vector of the segment ij and tˆij the unit vector
parallel to the dislocation line.
3.1. Calculation of the stress fields
The stress field within the simulation domain is computed using the FFT
algorithm. The mechanical state of the system is determined by solving the
mechanical equilibrium equations in the domain V with periodic boundary
conditions according to
σ(x) = C(x) : [(x)− p(x)− δ(x)0], ∀x ∈ V
div(σ(x)) = 0 x ∈ V
σ · n has opposite orientation on opposite sides of ∂V∫
V
(x) = E
(7)
where C denotes the fourth order elasticity tensor,  the total strain, p
the plastic strain, 0 the SFTS, ∂V stand for the boundaries of domain V
with normal n and E is the imposed macroscopic strain. The SFTS is an
homogeneous eigenstrain within the precipitate (that only depends on the
precipitate variant) and, thus, δ(x) is a Dirac delta function that is equal to
1 when x is within the precipitate and 0 otherwise. This discontinuous strain
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field may lead to Gibbs fluctuations when using a FFT solver. They were
attenuated by the use of discrete gradient operators in Fourier space (in this
particular case, the rotational discrete gradient operator proposed by Willot
(2015)). The fluctuations in the simulations were not significant, as shown
in the stress fields below.
The plastic strain p(x) is computed directly from dislocation motion in
the DCM (Bertin et al., 2015), while 0 is given in Section 2. The polariza-
tion scheme proposed by Moulinec and Suquet (1998) is used to solve the
mechanical equilibrium problem in each step of the DDD simulation. This is
achieved through the introduction of a reference medium with stiffness C0
σ(x) = C0 : (x) + τ (x) (8)
where τ (x) is the polarization tensor, which is given by
τ (x) = δC(x) : (x)− C(x) :
[
p(x) + 0(x)
]
(9)
where δC(x) = C(x) − C0. The SFTS tensor 0(x) takes the value for the
corresponding precipitate variant within the precipitate and it is equal to 0
outside of the precipitate (Bertin and Capolungo, 2018). From the expression
for the total stress in (8) and the mechanical equilibrium condition (7), the
mechanical fields can be obtained using the FFT algorithms detailed in Bertin
et al. (2015); Bertin and Capolungo (2018).
3.2. Introduction of single dislocation lines
Only dislocation loops can be initially introduced in the DCM but this
configuration is not appropriate to analyze the interaction of a single dislo-
cation line with the precipitate. This limitation was overcome in the cubic
domain (with periodic boundary conditions) by introducing within the do-
main a rectangular prismatic loop parallel to one cube faces (Fig. 3). Two
opposite sides of the prismatic loop (shown as discontinuous lines in the fig-
ure) were moved in opposite directions until they reached the boundaries of
the domain and annihilate each other, because they have opposite directions,
leading to two straight dislocations forming a dipole within the domain. One
of the dislocations was fixed during the simulation (yellow line in the figure)
while the other was free to move following the mobility rules established in
the following section. The Field Dislocation Mechanics (FDM) method was
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then used to cancel the stress field created in the domain by the fixed dis-
location following the procedure reported in Berbenni et al. (2014); Brenner
et al. (2014); Djaka et al. (2017).
[110]
[112]
[111]
b
Figure 3: Introduction of a prismatic dislocation loop parallel to one cube faces. Two
opposite sides of the prismatic loop (shown as discontinuous lines in the figure) were moved
in opposite directions until they reached the boundaries of the domain and annihilate each
other, leading to two straight dislocations forming a dipole within the domain. One of the
dislocations (yellow line) was fixed during the simulation while the other was free to move
in the slip plane (shaded) and interacted with the precipitate.
The FDM method involves the Stokes-Helmholtz decomposition of the
elastic distortion into incompatible and compatible parts. The existence of
a non-zero dislocation density in the material is accounted for by the incom-
patible part, while the compatible part ensures that the boundary conditions
and the stress equilibrium conditions are fulfilled (Acharya, 2001). The in-
compatible elastic distortion is included in the FDM method through Nye’s
dislocation tensor α (Nye, 1953), which is defined as αij = bitj, where bi is
the net Burgers vector in direction ei per unit surface S and tj the dislocation
line direction along ej.
The incompatibility equation and the conservation law are expressed,
respectively, by
curl(Ue) = α (10)
div(α) = 0 (11)
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where Ue is the elastic distortion tensor. Applying the Stokes-Helmholtz
decomposition to the elastic distortion tensor,
Ue = Ue,⊥ + Ue,‖ (12)
where Ue,⊥ and Ue,‖ stand for the incompatible and compatible parts of the
elastic distorion respectively. Taking into account that
α = curl(Ue,⊥) (13)
div(Ue,⊥) = 0 (14)
and applying again the operator curl to the expression (13), after some ma-
nipulation, it yields a Poisson-type equation
div(grad(Ue,⊥)) = −curl(α) (15)
that can be expressed in component form as
U e,⊥ij,kk = −ejklαil,k (16)
The Poisson equation (16) can be solved in the Fourier space. To this
end, the dislocation density α(x) is computed in the Fourier space, α˜(ξ), and
the incompatible elastic distortion is obtained in the Fourier space as:
U˜ e,⊥ij (ξ) = i
ξk
ξ2
ejklα˜il(ξ) ∀ξ 6= 0
U˜ e,⊥ij (0) = 0.
(17)
Once U˜e,⊥(ξ) is known, the inverse Fourier transform is computed to get
the incompatible elastic distortion in the real space. Finally, the incompatible
elastic strain e,⊥ is the symmetric part of Ue,⊥. The incompatible elastic
strain is introduced as plastic strain in the Lippmann-Schwinger equation,
which is solved using the FFT algorithm following the same procedure used
in section 3.1.
In order to screen the stress field of a straight edge dislocation with Burg-
ers vector b, the corresponding Nye tensor is given by
α =
 0 0 0−b/l2 0 0
0 0 0
 (18)
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where −b is the magnitude of the Burgers vector (opposite to the one of the
dislocation to cancel the stress field) and l the voxel size of the discretization.
This value of the Nye tensor is applied in the voxels where the immobile
dislocation is located, being zero in the rest of the simulation domain.
3.3. Dislocation mobility
The drag coefficient vector, B, that characterizes the dislocation mobil-
ity has been recently determined in Al by Cho et al. (2017). They carried
out molecular dynamics simulations of straight dislocation segments with
different character and determined B as a function of temperature in the
regime in which the dislocation mobility is controlled by the viscous friction
force arising from phonon damping. it was found that the drag coefficient
of a mixed dislocation cannot be obtained by a linear interpolation between
those of edge and screw dislocations (Fig. 4). The maximum drag coeffi-
cients were found for the screw dislocation and a mixed dislocation whose
Burgers vector forms an angle of 60◦ with the dislocation line. The drag
coefficients obtained from the molecular dynamics simulations were fitted to
two parabolic functions according to
B(θ) = B(0)−
(
B(0)−B(0)
1.6
)
12
pi
|θ|+
(
B(0)− B(0)
1.6
)
36
pi2
θ2 0 < θ <
pi
3
B(θ) = B(0) +
(
B(pi/2)−B(0)
)
12
pi
(
|θ| − pi
3
)
−
−
(
B(pi/2)−B(0)
)
36
pi2
(
|θ| − pi
3
)2 pi
3
< θ <
pi
2
(19)
where B(0) and B(pi/2) stand for the drag coefficients of pure screw and
edge dislocations, respectively. This drag coefficient was used in the DDD
simulations for the Al matrix. The drag coefficient in the θ′ precipitates was
assumed to be infinity and, therefore, the dislocations could not shear the
precipitates and were forced to by-pass them.
4. Results and discussion
DDD simulations were carried out using a cubic domain of 729 x 729 x
729 nm with periodic boundary conditions, which was discretized with a grid
of 128 x 128 x 128 voxels. The axes of the cubic domain were aligned with
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Molecular dynamics [Cho et al., 2017]
Figure 4: Drag coefficient B for the dislocation mobility in Al at 300K as a function of
the dislocation character. θ = 0◦ stands for pure screw dislocation and θ = 90◦ for pure
edge dislocation. The solid symbols stand for moecular dynamics simulation in Cho et al.
(2017), while the solid line corresponds to eq. (19).
the [11¯2], [110] and [1¯11] directions of the Al lattice. A straight edge disloca-
tion (1¯11)[110] was introduced in the simulation box following the strategy
described above. The precipitate was inserted at the center of the simulation
box as a circular disk parallel to either the (001) and (010) plane, which
stand for the respective habit planes. θ′ precipitates also grow along the
(001) habit plane but this dislocation/precipitate configuration is equivalent
to the that of the (010) precipitates. The slip plane of the dislocation inter-
sects the center of the precipitate. The initial configuration is represented in
figure 5 for both orientations of the precipitate. For the precipitate parallel
to the (001) plane, the section of the precipitate along the glide plane was
parallel to the Burgers vector (Fig. 5a), whereas it formed an angle of 60◦for
the precipitate in the (010) plane (Fig. 5b). A shear strain rate is applied to
the cubic domain along the [110] direction, as shown in Figure 5.
The precipitate volume fraction was held constant and equal to 3.1 10−4
14
in the simulations, so the interaction between precipitates can be neglected.
The elastic constants of the Al matrix and of the θ′ precipitate in Tables 1
and 2, respectively, were used, while the dislocation mobility in Al was given
by the drag coefficient B in eq. (19). It was assumed that the precipitate
was impenetrable to dislocations. All the simulations presented below were
carried out at an applied strain rate of 104 s−1 because the results obtained at
this strain rate are equivalent to those obtained under quasi-static conditions,
as shown in the Appendix.
[110]
[112]
[111]τ
[110]
[112]
[111]τ(a) (b)
b b
60°0°
X
Y
Z
X
Y
Z
b
60°
b
0°
Figure 5: Initial configuration of the edge dislocation and the θ′ precipitate for the DDD
simulations. (a) Precipitate habit plane (001). The angle between the Burgers vector and
the section of the precipitate along the glide plane is 0◦. (b) Precipitate habit plane (010).
The angle between the Burgers vector and the section of the precipitate along the glide
plane is 60◦. The orientation of the dislocation line and the precipitate in the slip plane
are shown for both configurations below each figure.
4.1. Mechanisms of dislocation - precipitate interaction
The mechanisms of dislocation precipitate interaction and the particular
role played by the SFTS around the precipitate can be understood from
the shear stress-strain curves obtained from the DDD simulations. In this
section, the stress-strain curves and the path followed by the dislocation
15
is analyzed for each precipitate variant. The precipitate diameter in these
simulations was 156 nm and the aspect ratio 26:1, in agreement with the
results of the phase-field simulations for θ‘ in Al-Cu alloys (Liu et al., 2017).
Simulations were carried with and without including the effect of the SFTS to
assess the influence of this factor on the mechanics of dislocation/precipitate
interactions. The interaction of the dislocation with the 12 deformation
variants induced by the presence of the SFTS is reduced to 6 independent
cases due to the symmetries of the FCC lattice, two corresponding to the
0◦configuration (Fig. 5a) and four to the 60◦configuration (Fig. 5b).
4.1.1. 0◦orientation
The shear stress-strain curve of the simulation in the 0◦orientation with-
out SFTS is plotted in Fig. 6. The configuration of the dislocation line
around the cross-section of the precipitate in the glide plane is also included
in the figure for different values of the applied strain. In the initial stages of
deformation, marked with (i) in the figure, dislocation glide takes place at
very low stress and the dislocation line remains straight, indicating that there
is no influence of the precipitate. Linear hardening is observed afterwards
in region (ii) as the dislocation starts to bow around the precipitate. The
dislocation overcomes the precipitate by the formation of an Orowan loop, as
shown in (iii) and, as the dislocation leaves the domain, another dislocation
enters the domain by the opposite boundary due to the periodic boundary
conditions (region iv), leading to hardening.
The dislocation precipitate interaction for the 0◦configuration is changed
in the presence of the stress fields around the precipitate induced by the
SFTS, which can be found in Table 1 of Liu et al. (2017). The magnitude
of the SFTS in this table is given in a reference system which follows the
orientation relationship between the matrix and the precipitate. They have
to be rotated to the reference frame in Fig. 5 and the two SFTS considered
for this precipitate configuration are 01 and 
0
2, which are given by (Liu et al.,
2017).
01 = R
T
0 0 00 0 −0.1667
0 −0.1667 −0.0042
R and 02 = RT
0 0 00 0 0.1667
0 0.1667 −0.0042
R
(20)
where R is the rotation matrix, which is expressed as
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Figure 6: Shear stress-strain curve corresponding to the dislocation/precipitate interaction
in the 0◦configuration without SFTS. The evolution of the dislocation line around the
precipitate is showed in several points along the curve.
R =
 0.408 −0.408 0.8160.707 0.707 0
−0.577 0.577 0.577
 . (21)
In the case of 01, (Fig. 7a), the stress field around the precipitate leads
to an initial repulsion between the dislocation and the precipitate, which is
shown in the initial hardening in the stress-strain curve in region (i) and in
the shape of the dislocation line. After this initial barrier is overcome, one
small segment of the dislocation line is attracted to the precipitate (region ii)
and the dislocation starts to bow around the precipitate (region iii) but the
dislocation loop is not symmetric due to the SFTS. The Orowan loop is finally
created around the precipitate (regions iv and v) and the process is repeated
as a new dislocation enters the domain (region vi). The stress field created
by the SFTS 02 leads to a different behavior, as shown in Fig. 7b). The dis-
location line is initially attracted to the precipitate (region i) and a minimum
in the stress-strain curve is found when the dislocation line gets in contact
with the precipitate (region ii). Linear hardening is observed afterwards as
the dislocation bows around the precipitate (region iii) and overcomes the
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Figure 7: Shear stress-strain curve corresponding to the dislocation/precipitate interaction
in the 0◦configuration with SFTS. (a) 0 = 01. (b) 
0 = 02.The evolution of the dislocation
line around the precipitate is showed in several points along the curve.
obstacle by the formation of an Orowan loop (region iv). However, the final
Orowan loop is not attached to the precipitate surface and the final shape of
the Orowan loop is different from the ones found in Figs. 6 and 7a).
The presence of the SFTS increased considerably the CRSS (i.e. the max-
imum stress in the shear stress-strain curve) necessary to overcome the pre-
cipitate. According to the line tension model, the CRSS is controlled by the
minimum radius of curvature of the dislocation line during the Orowan pro-
cess, which decreased in the presence of the SFTS because of the anisotropy
introduced in the development of the Orowan loops. In addition, the CRSS
in the presence of 01 was slightly higher than the one in the presence of 
0
2.
4.1.2. 60◦orientation
Similar DDD simulations were carried out when the precipitate was in
60◦configuration. In the absence of the SFTS, the dislocation overcomes the
precipitate by the formation of an Orowan loop (Fig. 8) and the regions of
the shear stress-strain curve are equivalent to those found in Fig. 6 in the
0◦orientation in the absence of the SFTS. In this case, the dislocation line
advances toward the precipitate and rotates until is in full contact with the
broad face of the precipitate (region ii). Afterwards, the dislocation arms
advance until an Orowan loop is formed around the precipitate (region iii).
In the orientation 60◦, there are four independent SFTS that lead to
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Figure 8: Shear stress-strain curve corresponding to the dislocation/precipitate interaction
in the 60◦configuration without SFTS.The evolution of the dislocation line around the
precipitate is showed in several points along the curve.
changes in the dislocation-precipitate interaction mechanisms. The corre-
sponding STFS are given by
03 = R
T
0 0 00 −0.0042 0.1667
0 0.1667 0
R and 04 = RT
 0 0.1667 00.1667 −0.0042 0
0 0 0
R
(22)
05 = R
T
0 0 00 −0.0042 −0.1667
0 −0.1667 0
R and 06 = RT
 0 −0.1667 0−0.1667 −0.0042 0
0 0 0
R
(23)
and the dislocation-precipitate interactions in the presence of the stress fields
created by the SFTS are plotted in Fig. 9, together with the corresponding
shear stress-strain curves. In all cases, the dislocation line tends to rotate and
to become parallel to the broad face of the precipitate, and an Orowan loop
is formed afterwards as the dislocation arms propagate at both sides of the
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Figure 9: Shear stress-strain curve corresponding to the dislocation/precipitate interaction
in the 60◦configuration with SFTS. (a) 0 = 03. (b) 
0 = 04. (c) 
0 = 05. (d) 
0 = 06.
The evolution of the dislocation line around the precipitate is showed in several points
along the curve.
precipitate. However, the approximation of the dislocation to the precipitate
and the formation of the Orowan loop is modulated by the SFTS.
In the case of 03 (Fig. 9a), the stress field near the precipitate initially
attracts the dislocation toward the precipitate (region i), but this is followed
by a strong repulsion between the dislocation line and the broad face of the
precipitate (region ii), leading to the formation of a half loop whose extremes
are in contact with precipitate (regions iii and iv). The interaction between
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Figure 10: Contour plots of the shear stress, τyz corresponding to the disloca-
tion/precipitate interaction in the 60◦configuration with SFTS 0 = 03. (a) Initial config-
uration. (b) Dislocation/precipitate configuration corresponding to (iii) in Fig. 9a. The
dislocation is shown as a black line and the cross-section of the precipitate is white.
the stress field of the dislocation and the stress field created by the STFS in
this case is shown in the contour plots of τyz in Fig. 10. The repulsion between
the dislocation and the precipitate due to the presence of the STFS leads to
the formation of the ellipsoidal Orowan loop which is only in contact with
the edges of the precipitate (regions v and vi). Interestingly, the minimum
radius of curvature of the dislocation line during the Orowan process was
higher than that in the case without SFTS (Fig. 8) and the CRSS for the
60◦configuration with SFTS 03 was smaller than that obtained in the absence
of the SFTS (Fig. 8).
In the case of 05 (Fig. 9c), the dislocation line is initially repulsed by
the precipitate (region i) but it is strongly attracted afterwards towards the
broad face of the precipitate (region ii). The final Orowan loop is in contact
with the precipitate along the whole matrix/precipitate interface (regions iii
and iv). This leads to a very small radius of curvature of the dislocation
and the CRSS in this case is much higher than the one in the absence of the
SFTS (Fig. 8). The situations in the presence of the two other SFTS (Fig.
9b and d) are in between those reported above and the CRSS in these cases
were equal ( 04) or slightly higher (
0
6) than that in the absence of the SFTS.
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Figure 11: Shear stress-strain curve corresponding to the dislocation/precipitate interac-
tion in the 0◦configuration with SFTS. (a) 0 = 01. (b) 
0 = 02. The evolution of the
dislocation line around the precipitate is showed in several points along the curve.
4.2. Influence of the aspect ratio of the precipitates
Although θ′ precipitates in Al-Cu alloy have a large aspect ratio, this ge-
ometric feature may be changed by the addition of alloying elements which
modify the interfacial energy between the Al matrix and the precipitate
(Mitlin et al., 2000; Yang et al., 2016; Duan et al., 2017). Thus, it is in-
teresting to analyze the influence of the precipitate aspect ratio on the mech-
anisms of dislocation-precipitate interaction in the presence of the SFTS.
To this end, DDD simulations in the 0◦and 60◦configuration were carried
out with precipitates with aspect ratios in the range 26:1 to 1:1 while the
precipitate volume fraction (3.1 10−4) was held constant.
In the absence of SFTS, the dislocations overcome the precipitate by the
formation of an Orowan loop and the corresponding results are not plotted
for the sake of brevity. The shear stress-strain curves corresponding to the
0◦configuration with SFTS given by 01 and 
0
2 are plotted in Figs. 11a) and
b), respectively. The corresponding contour plots of the shear stress τyz in
the initial configuration are shown in Figs. 12a) and b).
In the first case (12a), the stress field induced by the SFTS repels the
dislocation (region i) and impedes that the dislocation line gets in touch with
the precipitate (region ii). As a result, the effective precipitate diameter that
controls the radius of curvature of the dislocation arms to form an Orowan
loop is increased (region iii). On the contrary, the stress field created by 02
22
Figure 12: Contour plots of the shear stress, τyz corresponding to the disloca-
tion/precipitate interaction in the 0◦configuration. (a) SFTS 0 = 01. (b) SFTS 
0 =
01. The dislocation is shown as a black line and the cross-section of the precipitate is
white.
(Fig. 11b) strongly attracts the dislocation line (regions i and ii) and the
dislocation spontaneously overcomes the precipitate by the formation of a
very tight Orowan loop (region ii). This process is repeated is further strain
applied to the simulation domain (regions iv and v).
The mechanisms of dislocation-precipitate interaction in the case of 60◦con-
figuration with smaller aspect ratio are qualitatively similar to those reported
above and are not included for the sake of brevity. It is, however, important
to assess the influence of the SFTS and of the precipitate aspect ratio on the
CRSS for both precipitate orientations. These results are plotted in Figs.
13a) and b) for the 0◦and 60◦orientations, respectively. The CRSS obtained
from the simulations with and without SFTS are included in each figure,
together with the predictions of the Orowan model for the CRSS, τO, which
is given by
τO =
Gb
L
(24)
where G (= 29.9 GPa) is the shear modulus of the Al matrix in the slip
plane parallel to the Burgers vector b (= 0.2863 nm) and L is the distance
between precipitates along the dislocation line (Fig. 13). In the case of the
0◦orientation, the variation of the precipitate aspect ratio from 26:1 to 1:1
(while the precipitate volume fraction was held constant) did not change L
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Figure 13: CRSS as a function of the precipitate aspect ratio. (a) Precipitate in the
0◦configuration. (b) Precipitate in the 60◦configuration. The results corresponding to
DDD with and without SFTS as well as to the Orowan model are presented in each figure
for comparison.
significantly (from L = 718 nm to 636 nm, respectively), while the differences
in L with the aspect ratio were slightly different in the 60◦configuration
(from L = 587 nm for 26:1 to L = 637 nm for 1:1 aspect ratio). Thus, the
CRSS given by eq. (24) was almost constant for the 0◦configuration and
decreased slightly with the aspect ratio in the 60◦configuration (Fig. 13).
The predictions of the Orowan model were in good agreement with the DDD
simulations in the absence of the SFTS in the 60◦configuration but they
overestimated by ≈ 20% the CRSS for precipitates with large aspect ratio
oriented at 0◦. These results are in agreement with the main hypotheses of
the Orowan model, which assumed that the precipitates were spherical (small
aspect ratio) and that the dislocation line formed a circular loop between
precipitates.
The introduction of the SFTS led to large variations in the CRSS, which
were more important if the precipitates had small aspect ratio. Depending
on whether the stress field associated with the SFTS attracted or repelled
the dislocation, the CRSS could increase or decrease dramatically in the
24
precipitates in the 0◦orientation (Fig. 13a) when the aspect ratio was 1:1. As
shown in Fig. 11, the stress field associated to the SFTS controlled the shape
of the dislocation loop at the instability point and, thus, the magnitude of the
CRSS. Similar results were obtained in the case of the precipitate oriented at
60◦with an aspect ratio of 1:1 (Fig. 13b) for 05 and 
0
3. It should be noted,
however, that the SFTS is an important factor to determine the shape of the
precipitate, as shown by Liu et al. (2017). The SFTS used in this simulations
led to precipitates with large aspect ratio (¿ 10) and may not be realistic for
equiaxed precipitates.
The influence of the SFTS decreased as the precipitate aspect ratio in-
creased because the dislocation loop configuration depended not only in the
SFTS but also on the precipitate shape, leading always to an elongated loop
parallel to the main axis of the precipitate (Figs. 7 and 9). Nevertheless,
it should be noticed that the presence of the SFTS increased the CRSS of
precipitates with an aspect ratio of 26:1 in all cases (with the exception
of the SFTS 03 in the 60
◦configuration) the CRSS with respect to the val-
ues obtained by DDD simulations without the SFTS. These results indicate
that the stress fields around the precipitate (due to the SFTS or to thermal
stresses generated upon cooling from the ageing temperature as a result of the
thermal expansion mismatch between the matrix and the precipitates) have
to be taken into account to make quantitative predictions of the strength-
ening provided by precipitates in metallic alloys. It should be finally noted
that the presence of the SFTS 06 in the 60
◦configuration changed the shape
of the Orowan loop around the precipitate when the aspect ratio increased
from 1:1 to 2:1 and again for larger values of the aspect ratio, leading to a
complex variation of the CRSS with this parameter for this particular SFTS.
Moreover, the stress fields around precipitates can interact with each other
for large precipitate volume fractions (far away from the dilute conditions of
this investigation), leading to complex interaction patterns between disloca-
tions and precipitates.
4.3. Influence of the elastic mismatch between matrix and precipitate
All the results presented above were obtained using different values of
the elastic properties for the matrix and the precipitate, according to the
DFT results in Tables 1 and 2. However, it is interesting to assess the in-
fluence of the elastic heterogeneity on the stress-strain curves and on the
CRSS. Thus, two simulations were carried out for the 0◦and 60◦orientations
(without STFS) for precipitates with an aspect ratio 26:1 in which the elastic
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Figure 14: Shear stress-strain curves corresponding to the dislocation/precipitate interac-
tion with homogeneous and heterogeneous elastic constants for the matrix and the precip-
itate. (a) 0 ◦configuration without SFTS. (b) 60◦configuration without SFTS.
properties of the precipitate were identical to those of the matrix. The corre-
sponding stress-strain curves for these homogeneous simulations are plotted
in Figs. 14a) and b) for the precipitates oriented at 0◦and 60degree, together
with the results obtained with the actual elastic constants of the matrix and
the precipitate. The differences in the mechanisms and in the CRSS were
negligible, in agreement with previous investigations (Shin et al., 2003).
5. Concluding Remarks
The mechanisms of dislocation/precipitate interaction were analyzed by
means of a novel DDD strategy based in the DCM (Lemarchand et al., 2001)
in combination with a FFT solver to compute the mechanical fields (Bertin
et al., 2015). This framework neither requires the use of analytical expressions
for the displacement fields of the dislocation segments (and, thus, can be
easily extrapolated to anisotropic materials), nor the computational power
increases with the square of the number of dislocations segments. Moreover,
very fine discretizations (necessary to model precipitates with large aspect
ratio) can be used owing to the efficiency of the FFT solver, and the influence
of the image stresses (induced by the elastic modulus mismatch between the
matrix and the precipitate) and of the SFTS can be easily incorporated to the
simulations. The original DDD strategy (Bertin et al., 2015) was modified
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to include straight dislocation segments by means of the FDM model, the
appropriate configuration to analyze the interaction of a single dislocation
line with a precipitate.
The novel DDD model was used to analyze the mechanisms of disloca-
tion/precipitate interaction and the corresponding CRSS in Al-Cu alloys.
The orientation, size and shape of the θ′ precipitates as well as the SFTS
associated to the different precipitate variants were obtained from recent
multiscale modelling simulations based on the phase-field model (Liu et al.,
2017), while the elastic constants of the Al matrix and of the precipitates were
calculated by DFT and the dislocation mobility as a function of the dislo-
cation character was obtained from molecular dynamics simulations (Cho
et al., 2017). This leads to a multiscale modeling strategy, in which all the
parameters in the DDD simulations are obtained from calculations at lower
length scales.
The DDD simulations provided for the first time a detailed account of
the influence of the precipitate aspect ratio, orientation, SFTS and elastic
mismatch between the matrix and the precipitate on the dislocation path to
form an Orowan loop and on the CRSS to overcome the precipitate. It was
found than the elastic mismatch have a negligible influence on the disloca-
tion/precipitate interaction in the Al-Cu system while the influence of the
precipitate aspect ratio and orientation was reasonably captured by the sim-
ple Orowan model in the absence of the SFTS. Nevertheless, the introduction
of the SFTS led to dramatic changes in the dislocation/precipitate interac-
tion and in the CRSS. This effect decreased as the precipitate aspect ratio
increased but it was still very important (above 50% in the CRSS for some
precipitate variants) for θ’ precipitates with the typical aspect ratio found
in Al-Cu alloys. Thus, this investigation reveals the large influence of the
SFTS on the mechanics of dislocation/precipitate interaction, an important
factor that has not been previously considered in the analysis of precipitation
hardening.
Finally, The methodology presented in this paper opens the possibility to
explore in more detail the mechanisms of dislocation/precipitate interaction
in metallic alloys with realistic values of the precipitate size, shape and aspect
ratio as well as of the elastic mismatch and of the dislocation mobility. They
will be able to provide quantitative assessments of the strengthening provided
by the precipitates, taking into account the influence of the SFTS and of the
thermal stresses that develop upon cooling from the ageing treatments at
high temperature. Finally, they can be extended to deal with larger volume
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fraction of precipitates to account for the interaction between the SFTS of
different precipitates and to model the propagation of a dislocation through
a forest of precipitates including the effect of cross-slip. These topics will be
the subject of future investigations.
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Appendix A. Influence of strain rate
Dislocation dynamics simulations are normally carried out at high strain
rates (102 to 105 s−1) for computational reasons and this limitation often
leads to question whether the results obtained are applicable under quasi-
static conditions. In order to analyze this effect, several simulations were
carried out using a relaxation strategy that allows to study the dislocation
dynamics under quasi-static conditions. In this approach, a strain increment
is applied to the simulation box at at a high strain rate, in this case 4.0 107
s−1, and the energy of the system is relaxed afterwards during several steps
at a constant applied strain. The shear stress is reduced during relaxation
and the process is finished when the difference in the shear stress between to
consecutive relaxation steps is lower than a certain tolerance, and the sys-
tem can be considered to be in equilibrium. Then, a new strain increment is
applied and the whole relaxation process is repeated. The shear stress-strain
curve obtained following this process is plotted in Fig. A.15a) in the case
of the interaction of an edge dislocation with a precipitate with a diameter
of 156 nm and an aspect ratio of 26:1 in the 0◦configuration. The blue line
with open symbols shows the successive strain increments followed by the
relaxation of the shear stress and the red line with solid symbols stands for
the quasi-static shear stress-strain curve. The shear stress-strain curves ob-
tained at different strain rates (104 and 105 s−1) for this case are plotted in
Fig. A.15b), together with the quasi-static curve in Fig. A.15a). The com-
parison between these curves shows that the results obtained at an applied
strain rate of 104 s−1 were very close to the quasi-static simulations and,
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thus, the DDD presented in this paper were carried out at an applied strain
rate of 104 s−1.
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Figure A.15: (a) Shear stress-strain curve of the dislocation precipitate interaction ob-
tained using the relaxation process. (b) Comparison between shear stress-strain curves
of the dislocation/precipitate interaction as a function of the applied strain rate. The
quasi-static results correspond to the red curve in (a). See text for details.
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